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We study constructs of type [0,∞]Set(Ω) consisting of aﬃne sets over [0,∞] modelled
by some algebra Ω . The categorical theory of closure operators is used to study separated
and complete objects with respect to the Zariski closure operator, naturally deﬁned in
any category [0,∞]Set(Ω). Several basic examples are provided, in particular we show
that the construct of approach spaces, the constructs of pseudo (quasi) metric spaces with
contractions, the construct of topological spaces and several of its subconstructs and the
construct of non-Archimedean spaces all ﬁt into this setting.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
A general theory on completion of objects was developed in [3] and [2], applicable to complete, well-powered categories
endowed with a ﬁxed class of morphisms satisfying certain conditions, which may for instance be the class of all c-dense
embeddings for some idempotent (weakly) hereditary closure operator on the category. The need for more specialized and
richer results leads to some restriction of this context. The specialization considered in this paper originates from ideas of
Diers [10,11] who aimed at obtaining a classiﬁcation of concrete geometrical categories, that is categories whose objects are
sets equipped with a geometrical structure. These topological categories became known as categories of aﬃne sets over K ,
the precise deﬁnition of which will be described in Section 2 in the case of K = [0,∞]. Strongly related to Diers’ point of
view are the categories that became known as K -Chu spaces [4] as used in theoretical computer science [27]. The precise
relation to categories of aﬃne sets is dealt with in [20]. In several papers [16–18], E. Giuli has convincingly shown that the
setting of aﬃne sets beneﬁts from the existence of the Zariski closure operator which allows for nice topological results on
complete objects.
In this paper we will show that in some concrete situations the completeness notions obtained categorically correspond
to some well-known concepts such as soberness for topological spaces or bicompleteness for quasi metric spaces. In order
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under investigation are subcategories of [0,∞]Set, the category of aﬃne sets over [0,∞] with aﬃne maps and as usual
they are endowed with the Zariski closure operator. Moreover the categories under consideration will be of a particular
type [0,∞]Set(Ω), meaning that they are deﬁned by means of a given algebra structure Ω on [0,∞]. We establish a
duality theory for [0,∞]Set, we characterize the complete objects, and we prove that they coincide with those objects not
admitting separated one-point extensions.
In fact, the setting is broad enough to allow for many other applications besides the standard topological or metric ones.
We refer to a result shown recently in [5] that every metrically generated construct in the sense of [7] in which [0,∞] is
an initially dense and initial-injective object, can be embedded as a hereditary, coreﬂective subconstruct of [0,∞]Set of the
type [0,∞]Set(Ω). In particular the category AP of approach spaces with contractions can be described in this context as
well as all its coreﬂective subcategories closed under initial morphisms. Among other examples we give explicit descriptions
of the algebra structure Ω for categories of pseudo (quasi) metric spaces, topological spaces, ﬁnitely generated spaces or
complemented spaces, for stable subconstructs of AP in general and for non-Archimedean spaces. In each of the examples
the categorically obtained complete objects coincide with well-known and important intrinsic notions.
2. Objects modelled by a given algebra on [0,∞]
In this section we introduce the categories we are interested in. We ﬁrst deﬁne the category [0,∞]Set of aﬃne sets over
[0,∞] which will serve as a supercategory. The objects are the pairs (X,A) with X a set and A a subset of the set [0,∞]X
of all functions from X to [0,∞]. When no confusion can occur we simply denote (X,A) by X. A morphism from (X,A)
to (Y ,B) is a function f : X → Y such that β ◦ f ∈ A for each β ∈ B. The morphisms are called aﬃne maps. The situation
we describe here is a special instance of the general setting developed by E. Giuli in [16]. Here all categories considered are
Set-based and the particular set over which the categories are built is always [0,∞]. We consider the canonical aﬃne set
([0,∞],R), where R consists of the identity map. Using the canonical space, we can express the structure A of an object
(X,A) as the collection of all aﬃne maps (X,A) → ([0,∞],R).
Applying the results of [16] to our particular case [0,∞], we get some basic results which we recall here. The
construct [0,∞]Set is topological over Set via the obvious forgetful functor U : [0,∞]Set → Set. For every U -source
{ f i : X → U (Yi,Ai)}i∈I the initial structure A consists of all the composites α ◦ f i , i ∈ I , α ∈ Ai . The canonical object
([0,∞],R) is initially dense. Moreover the surjective–injective factorization structure in Set admits a lifting (E,M) in
[0,∞]Set with ﬁrst factor E , all epimorphisms, and second factor M all embeddings, i.e. those injective morphisms that
are initial.
For every object X = (X,A), the class M of all embeddings with codomain X is pre-ordered by m  n if there exists
j such that n ◦ j = m. We write m ∼= n if m  n and n m. Since we work in a topological construct, every equivalence
class has a representative m : M → X, where M = (M,B) has as underlying set M a subset of X and as structure B the one
induced by A via initiality of the canonical injection. In the sequel we will work with the set MX of representatives and
we will refer to it as the subobject lattice of X.
The deﬁnition of the Zariski closure was given in [10]. We adapt it to our setting.
2.1. Deﬁnition. For every object (X,A) in [0,∞]Set and subset M of X , the formula
z(X,A)(M) =
{
x ∈ X ∣∣ ∀α,β ∈ A: α|M = β|M ⇒ α(x) = β(x)
}
deﬁnes a closure which is called the Zariski closure of M in (X,A).
The Zariski closure is a closure operator of [0,∞]Set with respect to (E,M) in the sense of Dikranjan and Giuli [14].
Moreover z is idempotent in the sense that for M ⊂ X , zX(zX(M)) = zX(M)) and it is hereditary, in the sense that
z(Y ,B)(M) = z(X,A)(M) ∩ Y for every subobject (Y ,B) of (X,A) and M ⊂ Y .
A subobject M of X is called z-closed if zX(M) = M; a morphism f is called z-closed if it sends z-closed subobjects
into z-closed subobjects. Since z is hereditary, z-closedness for a subobject coincides with z-closedness as a morphism [19].
A morphism f : X → Y is called z-dense if zY( f (X)) = Y .
Idempotency and hereditariness of z imply (see [14, Proposition 1.3], [10, Theorem 5.7]) that (z-dense morphism, z-
closed embedding) is a factorization structure of [0,∞]Set.
Next we introduce subcategories of [0,∞]Set. Let ([0,∞],Ω) be a Set-algebra in the sense that for some class T of
sets,
Ω = (ΩT )T∈T
where each ΩT is a given family of operations of arity T in [0,∞]. For every set X , the set [0,∞]X becomes a Set-algebra
in the obvious way. We will denote by [0,∞]Set(Ω) the full subcategory of [0,∞]Set whose objects are those (X,A) for
which A is a subalgebra of the Set-algebra [0,∞]X . Note that for each family {αt : X → [0,∞]}t∈T and morphism f : Y → X
we have that
ωT ◦ 〈αt ◦ f 〉 = ωT ◦ 〈αt〉 ◦ f . (1)
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it is topological over Set [21,10]. Moreover it follows from (1) that [0,∞]Set(Ω) is closed in [0,∞]Set for taking initial
morphisms, in particular it is hereditary in the sense that it is closed for taking subspaces. Hence the (epi, embedding)
factorization structure of [0,∞]Set can be restricted to [0,∞]Set(Ω). Recall from [12, Proposition 4.4], that each concretely
coreﬂective full subcategory of [0,∞]Set which is closed for taking initial morphisms, is of the form [0,∞]Set(Ω). Note
that the supercategory [0,∞]Set is modelled by an algebra, by taking Ω empty.
With underlying set [0,∞] there is again some canonical object in [0,∞]Set(Ω).
2.2. Deﬁnition. RΩ denotes the smallest Ω-subalgebra containing R. In other words, ([0,∞],RΩ) is the coreﬂection of
([0,∞],R).
As before, using the canonical space, we can express the structure A of an object in terms of a class of morphisms.
2.3. Theorem. The structure A of an object (X,A) coincides with the collection of all aﬃne maps
(X,A) → ([0,∞],RΩ
)
.
Proof. In order to prove the nontrivial part, let f ∈ A and consider
{
α ∈ [0,∞][0,∞] ∣∣ α ◦ f ∈ A}.
It suﬃces to observe that this collection is an Ω-algebra containing the identity. 
In view of the coreﬂectivity of [0,∞]Set(Ω) in [0,∞]Set the canonical object ([0,∞],RΩ) is initially dense.
The Zariski closure in [0,∞]Set(Ω) coincides with the restriction of the one on [0,∞]Set deﬁned before.
3. Separatedness and completeness in [0,∞]Set(Ω)
The notion of separatedness with respect to a closure operator was introduced in [13] and [14].
3.1. Deﬁnition. In a category with ﬁnite products and endowed with a closure operator c, an object X is called c-separated
if the diagonal X is c-closed in X×X.
For the construct [0,∞]Set and c = z separatedness has the following alternative characterizations.
3.2. Theorem. For an object X = (X,A) in [0,∞]Set, the following properties are equivalent:
(1) X is separated.
(2) Every initial morphism f : X → Y is an embedding.
(3) A is point separating.
Proof. That (1) and (2) are equivalent was noted in [16].
Suppose (X,A) is separated. Let ϕ : X → Y be the identiﬁcation
ϕ(x) = ϕ(y) ⇔ ∀α ∈ A: α(x) = α(y)
and endow Y with the aﬃne structure
{β | β ◦ ϕ ∈ A}.
Then clearly ϕ is initial and hence it is injective.
Next assume that A is point separating and suppose f : (X,A) → (Y ,B) is initial. Since
A = {β ◦ f | β ∈ B},
the result follows immediately. 
We now turn to the separated objects in [0,∞]Set(Ω) for c = z.
3.3. Theorem. For an object X = (X,A) in [0,∞]Set(Ω) the following properties are equivalent:
(1) X is separated in [0,∞]Set(Ω).
(2) Every initial morphism f : X → Y in [0,∞]Set(Ω) is an embedding.
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(4) A is point separating.
Proof. That (1) and (2) are equivalent was stated in [16].
To see that (2) and (3) are equivalent, suppose X = (X,A) is separated in [0,∞]Set(Ω). Let f : X → Y be initial
in [0,∞]Set, with Y in [0,∞]Set. Then it suﬃces to observe that f : X → c(Y), with c(Y) the coreﬂection of Y in
[0,∞]Set(Ω), is initial too. The rest follows immediately. 
The full subcategory [0,∞]Set(Ω)0 consisting of all separated objects is epireﬂective in [0,∞]Set(Ω). The canonical
object ([0,∞],RΩ) is separated and moreover it is a cogenerator in [0,∞]Set(Ω)0, in the sense that every object is a
subobject of a product of copies of ([0,∞],RΩ). The regular closure operator determined by [0,∞]Set(Ω)0, or equivalently
by the canonical object ([0,∞],RΩ), coincides with the Zariski closure. It follows that the epimorphisms in [0,∞]Set(Ω)0
coincide with the z-dense morphisms and the regular monomorphisms coincide with the z-closed embeddings.
A categorical theory of completeness was developed in [3] and [2]. Suppose we have the (epi, embedding) factorization
structure and a closure operator c which is idempotent and (weakly) hereditary.
3.4. Deﬁnition. An object X is called c-injective if it is injective with respect to the class {c-dense embeddings}.
3.5. Deﬁnition. A separated object X is called c-complete (algebraic in [10,11], absolutely closed in [3]) if a morphism
f : X → Y is c-closed whenever Y is separated and f is an embedding.
The existence of z-complete objects in [0,∞]Set0 follows from the general results in [16]. The cogenerator ([0,∞],R)
of [0,∞]Set0 is z-injective. Moreover in the setting of [0,∞]Set0 we have the following equivalences:
3.6. Theorem. Let X be a separated object, then the following properties are equivalent:
(1) X is z-complete.
(2) X is z-injective.
(3) X is a z-closed subobject of a power of ([0,∞],R).
3.7. Theorem. Every z-complete object in [0,∞]Set0 is isomorphic to ([0,∞],R) J for some index set J .
Proof. Fix an index set I . The I-th power of ([0,∞],R) has as underlying set [0,∞]I and as structure
RI = {prk | k ∈ I}.
A subobject M of ([0,∞]I ,RI ) is Zariski closed if and only if it is an intersection of equalizers Eq(prk, pr j) of pairs of
elements from RI . Let
P = {(k, j) ∣∣M ⊂ Eq(prk, pr j)
}
.
Then we have
M =
⋂
(k, j)∈P
Eq(prk, pr j).
Put the following equivalence relation on I
k ∼ j if and only if (k, j) ∈ P
and choose a set of representatives J . Then M is isomorphic to ([0,∞] J ,R J ). 
Next we turn to the complete objects in [0,∞]Set(Ω). From [16] we have the following result.
3.8. Theorem. Let X be a separated object of [0,∞]Set(Ω). Then the following are equivalent:
(1) X is z-complete in [0,∞]Set(Ω).
(2) X is z-injective in [0,∞]Set(Ω).
(3) X is a z-closed subobject of a power of ([0,∞],RΩ).
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with respect to the class of all z-dense embeddings. This means that the class of complete objects is z-dense reﬂective in
[0,∞]Set(Ω)0 with reﬂector R and that furthermore the z-dense embeddings are exactly those morphisms f with R( f ) an
isomorphism. This property implies uniqueness of completion in the sense that whenever a separated object X is z-densely
embedded in a complete object Y, the latter is isomorphic to R(X). For later use we recall that the category [0,∞]Set(Ω)0
has at most one ﬁrmly z-dense reﬂective subcategory.
3.9. Remark. It follows from the deﬁnition that if a separated object of [0,∞]Set(Ω) is complete in [0,∞]Set then it is
also complete in [0,∞]Set(Ω). That the converse implication is not valid follows from the examples in the next section
and from Theorem 3.7. This theorem implies that the only ﬁnite z-complete objects in [0,∞]Set0 have singleton underlying
sets.
3.10. Remark. As proved in [17] for the Boolean case the results of this section can be extended to any hereditary coreﬂective
subcategory of [0,∞]Set.
4. The structure of complete aﬃne sets and duality
For a separated aﬃne set X = (X,A), let X∗ = (A, X∗) be the aﬃne set with X∗ = {x∗ : A → [0,∞] | x ∈ X} where
x∗(α) = α(x), whenever α ∈ A and x ∈ X .
Then it is clear that X∗ is a separated aﬃne set, which we call the dual of the separated aﬃne set X.
For an aﬃne map f : X → Y, with X = (X,A) and Y = (Y ,B) let f ∗ : Y∗ → X∗ be the map deﬁned by f ∗(β) = β ◦ f
whenever β ∈ B. This map is clearly aﬃne, so we obtain an endofunctor
∗ : [0,∞]Set0 →
([0,∞]Set0
)op
which is an equivalence of categories rendering [0,∞]Set0 a self-dual category.
Roughly speaking every separated aﬃne set X = (X,A) can be seen as a matrix of elements of [0,∞] with X distinct
rows and A distinct columns. So X∗ is the transpose of X. In this sense we say that the duality is given by transposition,
(see [28] for the same situation in the larger category of Chu spaces).
This enables us to look inside [0,∞]Set0 for the dual (by transposition) of the base category Set. Indeed we have the
embedding Set ⊂ [0,∞]Set0 by associating (X, [0,∞]X ) to any set X . The surprise is that the dual by transposition is
precisely the class of all complete objects in [0,∞]Set0. This will become clear after the structure theorem for complete
aﬃne sets of [0,∞]Set(Ω) (or more generally of any hereditary coreﬂective subcategory of [0,∞]Set) which we will prove
in 4.2.
Let X be a hereditary coreﬂective subcategory of [0,∞]Set.
4.1. Deﬁnition. A (separated) one-point X-extension of a given object (X,A) ∈ X is an aﬃne set (Y ,B) fulﬁlling the following
conditions:
(1) Y = X ∪ {∗} with ∗ /∈ X ;
(2) for every β ∈ B there is a unique α ∈ A with β|X = α;
(3) (Y ,B) ∈ X ((Y ,B) ∈ X0).
In the particular case where X = [0,∞]Set the set of all one-point [0,∞]Set-extensions of an object (X,A) ∈ [0,∞]Set is
in bijective correspondence with the set [0,∞]A . On the other hand the set of all separated one-point [0,∞]Set-extensions
of an object (X,A) ∈ [0,∞]Set0 is in bijective correspondence with the set [0,∞]A \ X∗ .
4.2. Theorem. Let X be a hereditary coreﬂective subcategory of [0,∞]Set. An object X ∈ X0 is complete if and only if it does not admit
a separated one-point X-extension.
Proof. The existence of a separated one-point X-extension Y for a given X ∈ X0 means that the embedding X → Y, being
z-dense, is not z-closed. So X is not complete in X0.
Conversely, assume that X is not complete in X0 and let X → Y be a non-surjective z-dense embedding, with Y ∈ X0.
Since the Zariski closure is hereditary we may assume that Y = X ∪ {∗}. Then Y fulﬁlls all the conditions in 4.1 since ∗
belongs to the z-closure of X . Consequently Y is a separated one-point X-extension of X. 
When the theorem is applied to the particular case where X = [0,∞]Set we have the following result.
4.3. Corollary. An object X = (X,A) is complete in [0,∞]Set0 if and only if X∗ = [0,∞]A .
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We remark that the previous result can be seen as a [0,∞]-version of the (Boolean case) of the Tarski duality stating
that Set is dually equivalent to the category of all complete atomic Boolean algebras (see e.g. [22]). The result in 4.4 can
also be obtained as a special case of Theorem 6.9 in [11].
5. Examples
1. Approach spaces
An approach space can be deﬁned in various equivalent ways. Here we will use the deﬁnition of an approach space
(X, δ) via a distance function δ which axiomatically deﬁnes a distance between points and sets. A map f : (X, δ) → (Y , δ′)
is a contraction if δ( f (x), f (A))  δ(x, A) for any x and A. We refer to [23] for further details about approach spaces. The
construct AP of approach spaces and contractions has an initially dense object P, with underlying set [0,∞] and distance
δP(x, A) = (x− sup A) ∨ 0
if A is nonempty and with δP(x, A) = ∞ if A is empty. Here we make the assumption that ∞ − ∞ = 0. Topological spaces
are concretely and fully embedded in AP as those approach spaces for which the distance function takes only two values,
0 and ∞. Pseudo quasi metric spaces are also concretely and fully embedded as those approach spaces for which the
distance function is completely determined by its value between points. Given an approach space (X, δ) we denote by T
the structure of the underlying topological coreﬂection and by d the structure of the quasi metric coreﬂection (X,d). An
approach space (X, δ) is called T0 [24], if for any two points x and y either δ(x, {y}) or δ(y, {x}) is non-zero.
As it was proved in [21], the case of approach spaces is captured in the present setting by considering the algebra ΩAP
on [0,∞] given by the operations described below. Let p be the extension of the Euclidean metric of the real line to [0,∞]
such that ∞ is at distance inﬁnity to all real numbers.
5.1. Theorem (Approach spaces).
(1) The construct of approach spaces is isomorphic to [0,∞]Set(ΩAP) where the algebra ΩAP on [0,∞] is given by the following
operations:
(a) for an arbitrary set T : ωT (at)t∈T = supt∈T at ;
(b) for a ﬁnite set T : ω′T (at)t∈T =mint∈T at ;
(c) for any a ∈ [0,∞]: Aa(x) = x+ a;
(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0.
(2) The canonical object in the setting of approach spaces is ([0,∞],RAP), where RAP consists of all functions ϕ : ([0,∞], p) →
([0,∞], p) which are increasing, nonexpansive, and such that supx<∞ ϕ(x) = ϕ(∞).
(3) The separated objects are exactly the T0-spaces.
(4) Given an approach space X the Zariski closure describes the topology T ∨ Td−1 .
Proof. (1) The concrete isomorphism F : AP → [0,∞]Set(ΩAP) is described as follows: For an approach space (X, δ) where
δ is the given distance, the associated object is (X,A), where A is the regular function frame associated with δ. A is
obtained as the smallest ΩAP-algebra containing the collection
{δA | A ⊂ X}.
It can be deduced from [23] that this algebra is obtained from the collection above by ﬁrst translating all functions δA (thus
constructing a second collection), then taking all ﬁnite inﬁma of the functions in the second collection (yielding a third
collection) and ﬁnally adding all suprema of functions in the third collection.
(2) The canonical object on [0,∞] corresponds to the approach space P. Its regular function frame RAP was explicitly
given in [23].
(3) Is proved in [24].
(4) The Zariski closure coincides with the regular closure determined by the subconstruct of all T0-objects and so by
the results in [6], given an approach space with regular function frame (X,A), the Zariski closure describes the topology
T ∨ Td−1 where T is the structure of the topological coreﬂection, d is its pseudo quasi metric coreﬂection and Td−1 is the
topology of the mirrored pseudo quasi metric. 
Through the isomorphism of AP with [0,∞]Set(ΩAP), an approach space (X, δ) is mapped to its corresponding aﬃne set
(X,A). Using the terminology of [23], A is called the regular function frame of (X, δ). Recall that an approach space (X, δ)
is said to be sober if the regular function frame A satisﬁes the condition that the approach prime elements are exactly the
functions δ{x} for a unique point x in X [1].
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Proof. The z-complete objects coincide with the sober approach spaces since in [15] the class of all sober approach spaces
was proven to be ﬁrmly reﬂective in AP0 with respect to the class of all z-dense embeddings. 
2. Pseudo (quasi) metric spaces
Metrics, pseudo metrics and pseudo quasi metrics are allowed to take the value inﬁnity. We denote by pqMET and pMET
the constructs of pseudo quasi metric and pseudo metric spaces respectively with nonexpansive maps as morphisms. On
[0,∞] we already encountered the extension p of the usual Euclidean metric of the real line for which ∞ is at distance
inﬁnity to all real numbers. Next we consider the quasi metric q on [0,∞] given by
q(x, y) = (x− y) ∨ 0.
In order to describe pseudo quasi metric spaces in the present setting we could simply argue that the construct pqMet of
all pseudo quasi metric spaces is concretely coreﬂective and closed under initial morphisms in the previously considered
construct Ap of approach spaces and then recall the general theorem proved in [21], that since Ap is describable by an
algebra structure ΩAp the same is true for pqMet. Instead we will give a different and explicit proof.
5.3. Theorem (Pseudo quasi metric spaces).
(1) The case of pseudo quasi metric spaces is captured in the present setting by considering the algebra ΩpqM on [0,∞] given by the
following operations:
(a) for an arbitrary set T : ωT (at)t∈T = supt∈T at ;
(b) for an arbitrary set T : ω′T (at)t∈T = inft∈T at ;
(c) for any a ∈ [0,∞]: Aa(x) = x+ a;
(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0.
(2) The canonical object in the setting of pseudo quasi metric spaces is ([0,∞],RpqM), where
RpqM =
{
ϕ
∣∣ ϕ : ([0,∞],q)→ ([0,∞],q) nonexpansive}.
(3) The separated objects are exactly the T0-pseudo quasi metric spaces.
(4) The Zariski closure for a given pseudo quasi metric space (X,d) describes the topology Td∗ where d∗ is the pseudo metric coreﬂec-
tion of (X,d).
Proof. (1) The concrete isomorphism F : pqMET → [0,∞]Set(ΩpqM) is described as follows: For a pseudo quasi metric space
(X,d) let
Ad =
{
ϕ : X → [0,∞] ∣∣ (ϕ(x) − ϕ(y))∨ 0 d(x, y)}
and let (X,Ad) be its image through F . Since by deﬁnition the functions ϕ ∈ Ad are exactly those ϕ that are nonexpansive
(X,d) → ([0,∞],q) it easily follows that F is a concrete functor.
Remark that in particular, given (X,d) and y ∈ X , the function
ϕy = d(·, y) : X → [0,∞]
belongs to Ad . It follows that F is full and injective on objects.
In order to see that F also is surjective on objects, observe that given (X,A) closed for the operations in the algebra
ΩpqM ,
dA(x, y) = sup
{
ϕ(x)
∣∣ ϕ ∈ A, ϕ(y) = 0}
deﬁnes a pseudo quasi metric such that A ⊂ AdA .
In order to see that the equality holds, let ψ ∈ AdA . Then we have
ψ = inf
x∈X supθ∈A, θ(x)=0
(
ψ(x) + θ)
and this implies that ψ belongs to A. Finally we can conclude that F is a concrete isomorphism.
(2) The canonical object in the setting of pseudo quasi metric spaces is obtained by taking the pseudo quasi metric
coreﬂection of the canonical object for AP. So starting from the distance δP we recalled earlier, we calculate δP(x, {y}), for
arbitrary x and y. It is easily seen that we obtain the value q(x, y) of the pseudo quasi metric q. The regular function frame
of the approach space associated with it is RpqM .
(3) By restricting the separated objects in AP we get the T0-pseudo quasi metric spaces.
1342 E. Colebunders et al. / Topology and its Applications 157 (2010) 1335–1346(4) The Zariski closure is induced by the one described for the construct of approach spaces. So for a given pseudo quasi
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Recall that a quasi metric space (X,d) is said to be bicomplete if the symmetrization (X,d∗) with d∗ = d∨d−1 is complete.
5.4. Theorem. The z-complete objects coincide with the bicomplete pseudo quasi metric spaces.
Proof. The z-complete objects coincide with the bicomplete pseudo quasi metric spaces, since the class of all bicomplete
spaces is known to be ﬁrmly reﬂective in pqMet0 with respect to the class of all z-dense embeddings. 
As before, in order to describe pseudo metric spaces in the present setting we could simply argue that the construct
pMet of all pseudo metric spaces is concretely reﬂective and concretely coreﬂective in the previously considered construct
pqMet of all pseudo quasi metric spaces and then recall the general theorem proved in [21], that since pqMet is describable
by an algebra structure ΩpqM the same is true for pMet by enlarging the algebra in an appropriate way. Instead we will give
a different and explicit proof.
5.5. Theorem (Pseudo metric spaces).
(1) The case of pseudometric spaces is captured in the present setting by considering the algebraΩpM on [0,∞] given by the following
operations:
(a) for an arbitrary set T : ωT (at)t∈T = supt∈T at ;
(b) for an arbitrary set T : ω′T (at)t∈T = inft∈T at ;
(c) for any a ∈ [0,∞]: Aa(x) = x+ a;
(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0;
(e) for any a ∈ [0,∞]: Ta(x) = (a − x) ∨ 0.
(2) The canonical object in the setting of pseudo metric spaces is ([0,∞],RpM) with
RpM =
{
ϕ
∣∣ ϕ : ([0,∞], p)→ ([0,∞], p) nonexpansive}.
(3) The separated objects are exactly the metric spaces.
(4) The Zariski closure for a given pseudo metric space (X,d) describes the topology Td.
(5) The z-complete objects coincide with the complete metric spaces.
Proof. The proofs of (3) and (4) are trivial.
In order to prove (2) it suﬃces to take the coreﬂection of the canonical object in 5.3.
In order to prove (1) let (X,A) be an object in [0,∞]Set(ΩpqM).
Suppose (X,A) corresponds to a pseudo metric space through the isomorphism F described in 5.3 and let ϕ ∈ A. Since
ϕ : (x,A) → ([0,∞],RpqM is an aﬃne map, so is ϕ : (X,A) → ([0,∞],RpM). Hence since Ta ∈ RpM we have Ta ◦ ϕ ∈ A.
Conversely suppose that A is stable under the operations Ta . We prove that the quasi metric
dA(x, y) = sup
{
ϕ(x)
∣∣ ϕ ∈ A, ϕ(y) = 0}
we encountered in 5.3 is symmetric. Let x and y be ﬁxed. For ϕ ∈ A, with ϕ(y) = 0 put ψ = Tϕ(x) ◦ ϕ . Clearly ψ ∈ A, with
ψ(x) = 0. Moreover ψ(y) = ϕ(x). It follows that (X,A) corresponds to a pseudo metric space.
In order to prove (5) again an argument based on ﬁrmness can be used. 
3. Topological spaces, finitely generated spaces and complemented spaces
In order to describe topological spaces in the present setting, again, we could simply argue that the construct Top is
concretely reﬂective and concretely coreﬂective in the construct AP and then recall the general theorem proved in [21], that
since AP is describable by an algebra structure ΩAP the same is true for Top by enlarging the algebra in an appropriate way.
Instead we will give a different and explicit proof. We use the following notation. Let
μ∞ : [0,∞] → [0,∞]
be the function μ∞(0) = 0 and μ∞ has value ∞ elsewhere.
5.6. Theorem (Topological spaces).
(1) The case of topological spaces is captured in the present setting by considering the algebra ΩT on [0,∞] given by the following
operations:
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(b) for a ﬁnite set T : ω′T (at)t∈T = mint∈T at ;
(c) for any a ∈ [0,∞]: Aa(x) = x+ a;
(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0;
(e) μ∞ .
(2) The canonical object in the setting of topological spaces is ([0,∞],RT ), where
RT =
{
ϕ
∣∣ ϕ : ([0,∞],Tr
)→ ([0,∞],Tr
)
continuous
}
,
where Tr is the right topology on [0,∞]
Tr =
{]a,∞] ∣∣ a ∈ [0,∞]}∪ {[0,∞]}.
(3) The separated objects are exactly the T0-spaces.
(4) Given a topological spaceX = (X,T ), the Zariski closure describes the b-topology, namely the topology T ∨T −1 , where T −1 has
as subbasis for the open sets the collection {clT {x} | x ∈ X}.
(5) The z-complete objects coincide with the sober topological spaces.
Proof. In order to prove (1) let (X,A) be an object in [0,∞]Set(ΩAP).
Suppose (X,A) corresponds to a topological space through the isomorphism F described in 5.1 and let ϕ ∈ A. Since
ϕ : (X,A) → ([0,∞],RAP) is an aﬃne map, so is ϕ : (x,A) → ([0,∞],RT ). Since μ∞ ∈ RT we have μ∞ ◦ ϕ ∈ A.
Conversely suppose that A is stable under the operation μ∞ in RT . In order to prove that (X,A) corresponds to a
topological space we have to show that its distance δ has values {0,∞}. Hereto we recall the following transition formula
from [23]:
δ(x, A) = sup{ϕ(x) ∣∣ ϕ|A = 0, ϕ ∈ A
}
.
Suppose δ(x, A) = 0, then choose ϕ ∈ A, ϕ|A = 0, ϕ(x) > 0. Compose with μ∞ . Then we get μ∞ ◦ ϕ ∈ A, μ∞ ◦ ϕ|A = 0 and
μ∞ ◦ ϕ(x) = ∞. It follows that δ(x, A) = ∞.
In order to prove (2) it suﬃces to take the coreﬂection of the canonical object in 5.1. So starting with P we obtain the
right topology Tr on [0,∞] and its regular function frame coincides with RT .
The proof of (3) is straightforward.
To prove (4) we again start with the parallel result in 5.1 and apply it to the case of a topological (approach) space
(X,T ). Since its distance δ is two-valued, so is the pseudo quasi metric coreﬂection d. Finally, it suﬃces to observe that
clT {x} = Bd−1(x,1)
which implies that T ∨ Td−1 equals the b-topology.
In order to prove (5) again an argument based on ﬁrmness can be used. 
5.7. Theorem (Finitely generated topological spaces).
(1) The case of ﬁnitely generated topological spaces is captured in the present setting by considering the algebra Ω f T on [0,∞] given
by the following operations:
(a) for an arbitrary set T : ωT (at)t∈T = supt∈T at ;
(b) for an arbitrary set T : ω′T (at)t∈T = inft∈T at ;
(c) for any a ∈ [0,∞]: Aa(x) = x+ a;
(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0;
(e) μ∞ .
(2) The canonical object in the setting of ﬁnitely generated spaces is ([0,∞],R f T ), where
R f T =
{
ϕ
∣∣ ϕ : ([0,∞],T f r
)→ ([0,∞],T f r
)
, continuous
}
where
T f r =
{]a,∞] ∣∣ a ∈ [0,∞]}∪ {[a,∞] ∣∣ a ∈ [0,∞]}.
(3) The separated objects are exactly the T0-ﬁnitely generated spaces.
(4) Given a ﬁnitely generated space X the Zariski closure describes the discrete topology.
(5) All spaces are z-complete.
Proof. (1) In AP the construct of all ﬁnitely generated topological spaces is obtained by intersecting Top with pqMET [23].
So by combining the operations described in 5.6 and in 5.3 we obtain our result.
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T f r =
{]a,∞] ∣∣ a ∈ [0,∞]}∪ {[a,∞] ∣∣ a ∈ [0,∞]}.
As in 5.6 the regular function frame consists of all continuous functions.
(3) This is easy.
(4) Let (X,T ) be ﬁnitely generated, it is suﬃcient to determine the topology T ∨ T −1. For x ∈ X let Gx be the smallest
open set containing x. Then we have
Gx ∩ cl{x} = {x}.
Hence the Zariski closure determines the discrete topology.
(5) Using (4) it follows that every T0-space is Zariski closed in any T0 extension. 
Next we consider the subconstruct consisting of all complemented topological spaces. Recall that a space is comple-
mented if every open set is also closed. The construct of all complemented topological spaces is the smallest element in the
conglomerate
{
C
∣∣ C concretely coreﬂective in [0,∞]Set} \ {DIS}.
It is the concrete coreﬂective hull of the class of all indiscrete spaces. We remark that this construct is also the smallest
element in the conglomerate
{
C
∣∣ C concretely coreﬂective in [0,∞]Set, constructible by an algebra}.
It can indeed be obtained by considering the algebra consisting of all possible operations.
Below we give another description based on the fact that in AP the construct of all complemented topological spaces is
obtained by intersecting Top with pMET [23]. The proof of the other statements is easy.
5.8. Theorem (Complemented topological spaces).
(1) The case of complemented topological spaces is captured in the present setting by considering the algebra on [0,∞] given by the
following operations:
(a) for an arbitrary set T : ωT (at)t∈T = supt∈T at ;
(b) for an arbitrary set T : ω′T (at)t∈T = inft∈T at ;
(c) for any a ∈ [0,∞]: Aa(x) = x+ a;
(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0;
(e) for any a ∈ [0,∞]: Ta(x) = (a − x) ∨ 0;
(f) μ∞ .
(2) The canonical object in the setting of complemented spaces is the discrete space on [0,∞].
(3) The separated objects are exactly the discrete spaces.
(4) Given a complemented space X the Zariski closure describes the given topology.
(5) The z-complete objects coincide with the discrete spaces
4. Some stable subconstructs of AP
In what follows we will consider some subconstructs which are at the same time concretely reﬂective and concretely
coreﬂective in AP. We will call such subconstructs stable. Top is an example we already encountered. Here we will consider
the subconstruct APm , with m ∈ [0,∞]. It consists of those approach spaces for which the distance δ satisﬁes:
δ(x, A) ∈ {0} ∪ [m,∞]
for any x and A. A characterization of all stable subconstructs of AP was given in [25].
We use the following notation. Let
μm : [0,∞] → [0,∞]
be the function μm(0) = 0 and μm has value m elsewhere.
5.9. Theorem (Subconstructs APm).
(1) The case of APm is captured in the present setting by considering the algebra ΩAPm on [0,∞] given by the following operations:
(a) for an arbitrary set T : ωT (at)t∈T = supt∈T at ;
(b) for a ﬁnite set T : ω′ (at)t∈T =mint∈T at ;T
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(d) for any a ∈ [0,∞]: Sa(x) = (x− a) ∨ 0;
(e) μm.
(2) The canonical object in the setting of APm is ([0,∞],RAPm ), where RAPm consists of those functions ϕ : [0,∞] → [0,∞] which
are increasing, for which supx<∞ ϕ(x) = ϕ(∞) and for which
ϕ(x) − ϕ(y)m whenever 0 < x− y < ϕ(x) − ϕ(y).
(3) The separated objects are exactly the T0-spaces.
(4) Given a T0-APm space X = (X, δ), with topological coreﬂection T , the Zariski closure describes the b-topology, namely the topol-
ogy T ∨ T −1 .
(5) The z-complete objects coincide with the T0-APm-spaces for which the topological coreﬂection T is sober.
Proof. (1) The result follows from the characterization of APm given in [23]. An approach space (X, δ) has δ(X × 2X ) ⊂
{0} ∪ [m,∞] if and only if the regular function frame A satisﬁes the condition
m1{ϕ>0} ∈ A whenever ϕ ∈ A and {ϕ = 0} = ∅.
(2) Consider the coreﬂection Pm of P. Straightforward calculations give the description in terms of the regular function
frame.
(4) It suﬃces to observe that when (X, δ) is an object of APm the pseudo quasi metric coreﬂection d also takes values in
{0} ∪ [m,∞]. So the induced topology Td−1 equals T −1.
(5) Consider AP0 and the sobriﬁcation R described in [1] which is a reﬂector to the subconstruct of sober approach
spaces and a ﬁrm reﬂector with respect to the class of all Zariski dense embeddings of AP. In [26] it was shown that the
functor R preserves the objects in (APm)0. Applying the fact that morphisms in (APm)0 that are embeddings in AP0 are
embeddings in (APm)0, it follows from [8] that the construct {Sober approach spaces} ∩ APm is ﬁrmly reﬂective in (APm)0
for the class of all Zariski dense embeddings. Since the same is true for the class of complete objects, we can conclude that
both object classes coincide. The rest follows from the characterization of sober spaces in APm given in [26]. 
5. Non-Archimedean spaces
In [9] the construct NA of non-Archimedean spaces was introduced. Its objects (X,E) are sets structured with a stack E
of equivalence relations in the sense that
E ∈ E, E ⊂ E ′, E ′ equivalence relation ⇒ E ′ ∈ E .
A morphism f : (X,E) → (X ′,E ′) satisﬁes that for every E ′ in E ′ there exists E in E such that ( f × f )(E) ⊂ E ′ . We recall the
following deﬁnition from [9]. Let (X,E) be a non-Archimedean space and let β be the collection of partitions P associated
with the equivalence relations E in E . As usual a map f : β → ⋃β is called a choice function if for any P ∈ β one has
f (P) ∈ P . A choice function is said to be order preserving if f (P) ⊂ f (Q) whenever P reﬁnes Q.
We denote by NAc the full subconstruct of NA whose objects are those spaces (X,E) for which the equivalence relations
in E have less than a continuum number of equivalence classes.
5.10. Theorem (Non-Archimedean spaces). Let Ωu = [0,∞][0,∞] , namely the collection of all unary operations.
(1) The construct [0,∞]Set(Ωu) is isomorphic to the construct NAc .
(2) The canonical object is discrete.
(3) The separated objects are those (X,E) for which⋂{E∈E} E = .
(4) The Zariski closure on (X,E) of a subset M ⊂ X is characterized by
x ∈ z(M) ⇔ ∀R, S ∈ E with R ∩ (M × M) = S ∩ (M × M): R(x) ∩ S(x) ∩ M = ∅.
(5) The complete objects in (NAc)0 are those (X,E) satisfying:
For every order preserving choice function f there exists an x ∈
⋂
P∈β
f (P).
Proof. (1) To (X,A) in [0,∞]Set(Ωu) we associate
E(A) = {Rϕ | ϕ ∈ A}
where
xRϕ y ⇔ ϕ(x) = ϕ(y).
Clearly for each of these equivalence relations we have |{Rϕ(x) | x ∈ X}| c.
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A(E) = {ϕ | Rϕ ∈ E}.
These transitions deﬁne concrete isomorphisms since clearly for any function f : X → Y and ϕ : Y → [0,∞] we have
( f × f )(Rϕ◦ f ) ⊂ Rϕ and also
( f × f )(U ) ⊂ Rϕ ⇒ U ⊂ Rϕ◦ f .
(2) The canonical object is ([0,∞],Ωu).
(3) Clearly using the transitions described above the point separatedness of (X,A) is equivalent to the condition⋂
{E∈E} E =  for (X,E).
(4) The statement and its proof are quite analogous what is given in [9]. Let (X,E) be an object in NAc , let (X,A) be
the corresponding object in [0,∞]Set(Ωu) and let M ⊂ X .
If α,β ∈ A α|M = β|M with α(x) = β(x) then clearly Rα(x) ∩ Rβ(x) ∩ M = ∅.
Conversely if R, S ∈ E are such that S ∩ (M ×M) = R ∩ (M ×M) and satisfying S(x)∩ R(x)∩M = ∅ then we can construct
α,β ∈ A, α|M = β|M such that α(x) = β(x).
(5) Consider NA0 and the completion R described in [9] which is a reﬂector to the subconstruct of ζ -complete spaces
and a ﬁrm reﬂector with respect to the class of all ζ -dense embeddings of NA, for the regular closure ζ . It can be seen
that the functor R preserves the objects in (NAc)0. Applying the fact that morphisms in (NAc)0 that are embeddings in NA0
are embeddings in (NAc)0, it follows from [8] that the construct {ζ -complete spaces} ∩ NAc is ﬁrmly reﬂective in (NAc)0
for the class of all ζ -dense embeddings. Since by (4) ζ coincides with the Zariski closure, we can conclude that the Zariski
complete objects in (NAc)0 satisfy the characterization of the ζ -complete objects given in [9]. 
References
[1] B. Banaschewski, R. Lowen, C. Van Olmen, Sober approach spaces, Topology Appl. 153 (2006) 3059–3070.
[2] G.C.L. Brümmer, E. Giuli, A categorical concept of completion of objects, Comment. Math. Univ. Carolin. 33 (1992) 131–147.
[3] G.C.L. Brümmer, E. Giuli, H. Herrlich, Epireﬂections which are completions, Cah. Topol. Géom. Differ. Catég. 33 (1992) 71–93.
[4] P.H. Chu, Constructing ∗-autonomous categories, Appendix to Lecture Notes in Math. 752 (1979) 103–137.
[5] V. Claes, Coreﬂective subconstructs of the construct of aﬃne sets, Topology Proc. 33 (2009) 297–317.
[6] V. Claes, E. Colebunders, A. Gerlo, Epimorphisms and cowellpoweredness for separated metrically generated theories, Acta Math. Hungar. 114 (2007)
133–152.
[7] E. Colebunders, R. Lowen, Metrically generated theories, Proc. Amer. Math. Soc. 133 (2005) 1547–1556.
[8] E. Colebunders, R. Lowen, E. Vandersmissen, Uniqueness of completion for metrically generated constructs, Topology Appl. 155 (2007) 39–55.
[9] D. Deses, E. Colebunders, On completeness in a non-Archimedean setting via ﬁrm reﬂections, Bull. Belg. Math. Soc. (2002) 49–61.
[10] Y. Diers, Categories of algebraic sets, Appl. Categ. Structures 23 (1996) 329–341.
[11] Y. Diers, Aﬃne algebraic sets relative to an algebraic theory, J. Geom. 65 (1999) 54–76.
[12] Y. Diers, Topological geometrical categories, J. Pure Appl. Algebra 168 (2002) 177–187.
[13] D. Dikranjan, E. Giuli, Closure operators induced by topological epireﬂections, Colloq. Math. Soc. Janos Bolyai 41 (1983) 233–246.
[14] D. Dikranjan, E. Giuli, Closure operators I, Topology Appl. 27 (1987) 129–143.
[15] A. Gerlo, E. Vandersmissen, C. Van Olmen, Sober approach spaces are ﬁrmly reﬂective for the class of epimorphic embeddings, Appl. Categ. Struc-
tures 14 (3) (2006) 251–258.
[16] E. Giuli, Zariski closure, completeness and compactness, Topology Appl. 153 (2006) 3158–3168.
[17] E. Giuli, On classes of T0 spaces admitting completions, Appl. Gen. Topol. 4 (2003) 143–155.
[18] E. Giuli, The structure of aﬃne algebraic sets, in: Categorical Structures and Their Applications, Berlin, 2003, World Scientiﬁc Publishing, Singapore,
2004, pp. 113–121.
[19] E. Giuli, W. Tholen, Openness with respect to a closure operator, Appl. Categ. Structures 8 (2000) 487–502.
[20] E. Giuli, W. Tholen, A topologist’s view of Chu spaces, Appl. Categ. Structures 15 (2007) 573–598.
[21] H. Herrlich, R. Lowen, On simultaneously concretely reﬂective and coreﬂective subconstructs, in: B. Banaschewski, C.R.A. Guilmour, H. Herrlich (Eds.),
Proceedings Symposium on Categorical Topology, UCT, 1994, Department of Math. and Appl. Math., UCT, 1999, pp. 121–130.
[22] P. Johnstone, Stone Spaces, Cambridge University Press, 1982.
[23] R. Lowen, Approach Spaces: The Missing Link in the Topology–Uniformity–Metric Triad, Oxford Math. Monogr., Oxford University Press, 1997.
[24] R. Lowen, M. Sioen, A note on separation in AP, Appl. Gen. Topol. 4 (2) (2003) 475–486.
[25] R. Lowen, P. Wuyts, Simultaneously concretely reﬂective and coreﬂective subconstructs: A correction and new results, Appl. Categ. Structures,
doi:10.1007/s10485-008-9184-x, in press.
[26] C. Van Olmen, A study of the interaction between frame theory and approach theory, PhD thesis, University of Antwerp, 2005.
[27] V. Pratt, The Stone gamut: A coordination of mathematics, in: Logic in Computer Science, IEEE Computer Soc., 1995, pp. 444–454.
[28] V. Pratt, Chu spaces, in: School on Category Theory and Applications, Coimbra, 1999, in: Textos Mat. Ser. B, vol. 21, Univ. Coimbra, 1999, pp. 39–100.
